We introduce the notions of quasi-ideal and bi-ideal in ternary semirings and study some properties of these two ideals. We also characterize regular ternary semiring in terms of these two subsystems of ternary semirings.
Throughout this note, S will always denote a ternary semiring with zero and unless otherwise stated a ternary semiring means a ternary semiring with zero.
Definition 2.
3. An additive subsemigroup T of S is called a ternary subsemiring of S if t 1 t 2 t 3 ∈ T, for all t 1 ,t 2 ,t 3 ∈ T.
Definition 2.4. An additive subsemigroup I of S is called a left (resp., right, lateral) ideal of S if s 1 s 2 i (resp., is 1 s 2 , s 1 is 2 ) ∈ I, for all s 1 ,s 2 ∈ S and i ∈ I. If I is both left and right ideal of S, then I is called a two-sided ideal of S. If I is a left, a right, a lateral ideal of S, then I is called an ideal of S.
An ideal I of S is called a proper ideal if I = S. Proof. Let R be a right ideal, M be a lateral ideal, and L be a left ideal of S such that
Then, by Lemmas 3.3 and 3.7, we find that Q is a quasi-ideal of S.
The converse of Theorem 3.8 does not hold, in general. But, in particular, we have the following result. 
Then, qSS is a right ideal, (SqS + SSqSS) is a lateral ideal, and SSq is a left ideal of S. Therefore, by Theorem 3.8,
Now it remains to show that qSS, (SqS + SSqSS), and SSq are, respectively, a minimal right, a minimal lateral, and a minimal left ideal of S. If possible, let R be any right ideal of S such that R ⊆ qSS.
Thus, by minimality of Q, we find that
Consequently, qSS is a minimal right ideal of S. Similarly, we can prove that (SqS + SSqSS) is a minimal lateral ideal and SSq is a minimal left ideal of S.
Proposition 3.10. Any minimal lateral ideal of a ternary semiring S is a minimal ideal of S.
Proof. Let M be a minimal lateral ideal of S. We will show that M is a minimal ideal of S.
This implies that M is both right ideal and left ideal of S. Consequently, M is an ideal of S. Now it remains to show that M is a minimal ideal of S. If possible, let M be an ideal of S such that M ⊆ M. Since M is an ideal of S, it is a lateral ideal of S. By hypothesis, we have M = M. Consequently, M is a minimal ideal of S.
Corollary 3.11. Any minimal quasi-ideal of a ternary semiring S is contained in a minimal ideal of S.
Proof. Let Q be a minimal quasi-ideal of S. Then, by Theorem 3.9,
where R is a minimal right ideal, M a minimal lateral ideal, and L a minimal left ideal of S. Clearly, Q ⊆ M. From Proposition 3.10, it follows that M is a minimal ideal of S.
Proposition 3.12. Let x be an idempotent element of a ternary semiring S, that is,
lateral ideal, and L a left ideal of S, then Rxx, xxMxx, and xxL are quasi-ideals of S.
Proof. To show Rxx, xxMxx, and xxL are quasi-ideals of S, it is sufficient to show that
For the first case, clearly we see that
Thus, it follows that a ∈ Rxx and hence Rxx = R ∩ SSx. Again, a = axx ∈ SxS and 0 ∈ SSxSS. So we find that a ∈ (SxS + SSxSS).
For the second case, We see that
Consequently, a ∈ xxMxx and hence xxMxx = xSS ∩ M ∩ SSx.
The third case can be proved in the same way as in the first case.
We recall the definition of regular ternary semiring. Proof. If R is a minimal right ideal, M a minimal lateral ideal, and L a minimal left ideal of S, then, by Theorem 3.9, it follows that R ∩ M ∩ L is a quasi-ideal of S. Now, by hypothesis, Remark 3.17. Since every left, right, and lateral ideal of S is a quasi-ideal of S, it follows that every left, right, and lateral ideal of S is a bi-ideal of S, but the converse is not true, in general. In general, if B is a bi-ideal of a ternary semiring S and C is a bi-ideal of B, then C is not a bi-ideal of S. But, in particular, we have the following result.
Proposition 3.18. If B is a bi-ideal of a ternary semiring S and T is a ternary subsemiring of S, then B ∩ T is a bi-ideal of T.

Theorem 3.22. Let B be a bi-ideal of a ternary semiring S, and C a bi-ideal of B such that
C 3 = C. Then C is a bi-ideal of S.
Proof. Since B is a bi-ideal of S, BSBSB ⊆ B, and since C is a bi-ideal of B, CBCBC ⊆ C.
Therefore,
We recall the definition of ternary division semiring. A ternary semiring S with |S| ≥ 2 is called a ternary division semiring if for any nonzero element a of S, there exists a nonzero element b in S such that abx = bax = xab = xba = x for all x ∈ S.
Theorem 3.23. A ternary semiring S has no nonzero proper bi-ideals if S is a ternary division semiring.
Proof. Let S be a ternary division semiring and B be a nonzero bi-ideal of S. Let a( = 0) ∈ B. Then there exists s( = 0) ∈ S such that asx = sax = xas = xsa = x for all x ∈ S. This implies that
Consequently, B = S and hence S has no nonzero proper biideals.
The converse of Theorem 3.23 is not true, in general. However, in particular, we have the following result.
Theorem 3.24. A ternary semiring S is a ternary division semiring if S is MC and has no nonzero proper bi-ideals.
Proof. Let S be an MC ternary semiring and has no nonzero proper bi-ideals. Let a( = 0) ∈ S. Then, aSx and xaS are two bi-ideals of S for any nonzero x ∈ S. Since S is MC, it is ZDF. So, aSx = {0} and xaS = {0}. By hypothesis, we have aSx = xaS = S and hence for x( = 0) ∈ S, there exist b,c ∈ S such that abx = xac = x. Let y be any element of S. Then there exist d,e ∈ S such that adx = xae = y. Thus, aby = ab(xae) = (abx)ae = xae = y for all y ∈ S. Now, (yab)ab = y(aba)b = yab. Since S is MC, we find that yab = y for all y ∈ S. Similarly, we can show that bay = yba = y for all y ∈ S. Thus, we find that aby = yab = bay = yba = y for all y ∈ S, and hence S is a ternary division semiring.
Proposition 3.25. Let X, Y , and Z be three ternary subsemirings of a ternary semiring S and B = XYZ. Then, B is a bi-ideal if at least one of X, Y , Z is a right, a lateral, or a left ideal of S.
Proof. Let B = XYZ. Suppose X is a right ideal of S. Then we find that
Consequently, B = XYZ is a bi-ideal of S. Now suppose that Y is a right ideal of S. Then
(XYZ)S(XYZ)S(XYZ) ⊆ XY(SSS)(SSS)SSZ ⊆ XY(SSS)SZ
This implies that B = XYZ is a bi-ideal of S.
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Again, if Z is a right ideal of S, then
Consequently, B = XYZ is a bi-ideal of S.
Similar proofs can be given for other cases. 
Proof.
The following theorem gives a characterization of a regular ternary semiring S in terms of bi-ideal and quasi-ideal of S. Proof. If B = BSB, then it is easy to see that B is a bi-ideal of S.
Conversely, suppose that B is a bi-ideal of a regular ternary semiring S. Let b ∈ B, then there exists x ∈ S such that b = bxb. This implies that b ∈ BSB and hence B ⊆ BSB. Again, BSB ⊆ BSBSB ⊆ B. Thus we find that B = BSB.
Theorem 3.30. A ternary subsemiring B of a regular ternary semiring S is a bi-ideal of S if and only if B is a quasi-ideal of S.
Proof. Let S be a regular ternary semiring. If B is a quasi-ideal of S, then, from Lemma 3.15, it follows that B is a bi-ideal of S. Consequently, B is a quasi-ideal of S. 
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